Context. Persistent tension between low-redshift observations and the Cosmic Microwave Background radiation (CMB), in terms of two fundamental distance scales set by the sound horizon and the Hubble-Lemaître constant, suggests new physics beyond the Standard Model, departures from concordance cosmology, or residual systematics. Aims. Assessing the likelihood of extensions of the Standard Model devised to resolve the tension requires thorough consistency tests of several independent and high-precision distance calibrations. Methods. We examine recent updated distance calibrations from Cepheids, gravitational lensing time-delay observations, and the Tip of the Red Giant Branch. By employing selected cosmographic methods for combining observations of the Baryon Acoustic Oscillations (BAO), Type Ia supernovae and the local distance calibrators, we obtain robust measurements of the sound horizon, independent of cosmological models and the CMB. Results. For our different models and probes, the sound horizon scale varies between r s = (135 ± 3) and r s = (140 ± 3) Mpc. The combined tension in the sound horizon and the Hubble-Lemaître constant ranges between 3σ and 5σ, depending on whether distance ladder calibrations are used, and is independent of possible changes to the late-Universe expansion history. Early-Universe extensions with N eff = 3.27 ± 0.15 are allowed by the data, unless the calibration from Cepheids is included. Residual systematics from lensed quasars are not significant, with the current sample and uncertainties. We do not find evidence for departures from flatness. Some late-dark-energy models, as constrained by the relative supernova distance moduli, do not resolve the current tension. Conclusions. Results from time-delay lenses are consistent with those from distance-ladder calibrations. With upcoming lens samples, the tension in the inferred sound horizon will be completely independent from local calibrations. New proposals to resolve the tension should examine CMB and late-Universe constraints separately, and the inference on both H 0 and r s . ;
Introduction
At the onset of matter-radiation decoupling after the Big Bang, density fluctuations and the physics of primordial plasma result in a sound horizon scale (r s ) that is robustly determined from Cosmic Microwave Background measurements, if the Standard Model of particle physics as well as the concordance ΛCDM cosmological model are adopted (Planck Collaboration et al. 2018) . Alternatively, the sound horizon can be measured at later times, form the Baryon Acoustic Oscillation (BAO) peak in the two-point spatial correlation of galaxies and quasars. The latter is an angular measurement, which can be converted into a physical r s measurement through independent distance calibrations (see e.g. Heavens et al. 2014; Bernal et al. 2016; Verde et al. 2017; Arendse et al. 2019; Aylor et al. 2019) .
Therefore, accurate probes of cosmic expansion can be used to obtain measurements of r s that are truly independent of early-cal model. It is worth noting that the tension between the local and CMB-based H 0 is mildly lowered by the recent measurement making use of precise distance calibration from the Tip of the Red Giant Branch (TRGB), as measured by the Carnegie-Chicago Hubble Project (herafter CCHP, Freedman et al. 2019) . These measurements fall between those from SH0ES and the CMB, at 1.7σ and 1.2σ differences respectively. Since the calibration of the TRGB and Cepheid distance ladders is still being actively debated (e.g. Yuan et al. 2019) , in the following we will examine the CCHP and SH0ES measurements separately, when the role of local distance-ladder measurements is discussed.
Here, we make use of recent updated distance calibrations from gravitational time-delay lenses (H0LiCOW), Cepheids (SH0ES), and TRGB (CCHP), and revisit the claimed tension between low-redshift observations and the CMB in terms of the sound horizon and the Hubble-Lemaître constant. Through our cosmographic methods (briefly summarised below), we can obtain cosmology-independent measurements of the sound horizon scale for different combinations of the local distance calibrations. The adopted cosmographic approach allows us to assess the systematics from the choice of late-Universe expansion, and to separate it from other components such as changes in early-Universe physics or systematic uncertainties in the distance measurements. In particular, we will show that the tension is independent of reasonable model choices for the expansion history H(z) at z 2, and examine different extensions to early-and late-Universe physics that may alleviate it. We also demonstrate that mitigating any tension in H 0 alone, which is common to most late-time extensions of the standard ΛCDM model, is not sufficient to reconcile early-Universe and late-Universe probes, and that a joint analysis of H 0 and r s is needed in order to ascertain the suitability of different model extensions.
This paper is structured as follows. We review the data sets, inference methods and selected extensions of the standard cosmological model in Section 2. In Section 3 we quantify the tension and use it to assess changes to early-Universe physics and possible systematics in low-redshift indicators. Finally, we conclude in Section 4.
Datasets, Models and Inference
Our inference on the late-Universe expansion is largely based on datasets and models that we explored in previous work (Arendse et al. 2019 ), which we briefly summarize below. The difference with previous datasets is the inclusion of two additional quasar-lens measurements Rusu et al. 2019 (Kazin et al. 2014; Carter et al. 2018; Bautista et al. 2018; Ata et al. 2018) constrain r s H(z). -Quasars are optionally used as secondary standard candles at high redshifts, by means of a relation between their UV and X-ray luminosities (Risaliti & Lusso 2018) .We do so in one of our inference runs below, as an independent check.
-Time-delay and angular-diameter distances to quasar lenses, obtained by the H0LiCOW collaboration, provide an absolute calibration of cosmological distances (see e.g. Suyu et al. 2017, and references therein) . Results from a fifth and a sixth lensed quasar system have been recently obtained Rusu et al. 2019; Bonvin et al. 2019; Sluse et al. 2019) , including new distance measurements on previous lensed quasar systems using new data and analysis Jee et al. 2019) . Here, the information from quasar lenses will be modeled self-consistently, together with the relative distance indicators (SNe, BAO). -Luminosity distances to Cepheids may be used as an independent calibration of the distance ladder. The SH0ES collaboration has obtained a value of H 0 of 74.03 ± 1.42 km s −1 Mpc −1 , which can be used as an extra prior. -Finally, luminosity distances to nearby galaxies have been determined via measurements of the Tip of the Red Giant Branch (TRGB) by both the CCHP and SH0ES. The measurements from this method are not completely independent from the SH0ES calibration, due to a partial overlap on the galaxy samples considered by either team. In order to cover the whole range of distance ladder calibrations, in the following we will consider CCHP measurements for the TRGB and SH0ES measurements for Cepheids.
Cosmographic Models
Any tension among different r s measurements in the ΛCDM framework may mean that the ΛCDM expansion history is not necessarily an adequate model choice. Therefore, following Arendse et al. (2019) , we use four different model families to parameterize distances and the expansion history. Three are independent of cosmological hypotheses, and the fourth is based on ΛCDM models. This allows us to bracket the possible systematics on r s due to the choice of expansion history.
The first (hereafter model 1) adopts a polynomial expansion in H(z)/H 0 , and distances are obtained through direct numerical integration. In the second (model 2), we expand H(z)/H 0 as a polynomial in ln(1 + z), still obtaining distances through integration. In the third family (model 3), comoving distances D M H 0 /c are described by polynomials in y ≡ z/(1 + z) and H(z)/H 0 is obtained through
(see e.g. ). Finally, the fourth family (model 4) adopts a ΛCDM parameterisation. For more details on the employed cosmographic models, we refer the reader to Arendse et al. (2019) . In all cases, both flatness and departures from it are considered. All models are ranked based on the Bayesian Information Criterion (BIC) indicator, which also dictates the optimal expansion order in the polynomials (given current data sets). The inference on model parameters is described below.
Inference
The posterior distributions of the cosmological parameters have been obtained using Affine-Invariant Monte Carlo Markov Chains (Goodman & Weare 2010) , and in particular the python module emcee (Foreman-Mackey et al. 2013) .
The likelihoods of the distances measured from lensed quasars were either given as a skewed log-normal distribution 1 (for B1608) or as samples of points (for RXJ1131, HE0435, PG1115, J1206 and WFI2033) from the H0LiCOW model posteriors. A Gaussian kernel density estimator (KDE) was used to compute the probability density. The lens systems HE0435 and WFI2033 only had a robust measurement of their time-delay distance (D ∆t = (1 + z l )D A,l D A,s /D A,ls ) available, which is the only robust distance currently derived from time-delay lensing in the presence of significant perturbers at lower redshift. For the remaining four lenses (B1608, RXJ1131, PG1115, J1206), information on both their time-delay distances and their angular diameter distances was provided. For the remaining observables (BAO, SNe, quasars, and SH0ES or CCHP), the general form of the likelihood for each data set is given by
where C is the covariance matrix of the data and r corresponds to the difference between the predicted and the observed values. The final likelihood is a product of the separate likelihoods corresponding to each data set.
A uniform prior was used for the parameters, for ease of comparison with previous work. In particular, the value of r s was kept between 0 and 200 Mpc and, if applicable, Ω k between -1 and 1 and Ω m between 0.05 and 0.5, to ensure consistency with the priors on Ω m by H0LiCOW. These priors are found to be uninformative, at least with the current uncertainties. The upper and lower boundaries of r s do not influence any of the results. In all cases, best fit values are given by the posterior mean and errors provide 68.3 percent confidence intervals.
Quantifying the tension
In order to check whether or not our inference on r s and H 0 is in agreement with that obtained by Planck, the Gaussian odds indicator τ is used (Verde et al. 2013; Bernal et al. 2016) :
Here, P A and P B denote the posterior distributions of experiments A and B, whileP A andP B correspond to the same distributions after a shift has been performed, such that the maxima of P A and P B coincide. A high value for τ means that it is unlikely that both experiments measure the same quantity. In an idealized situation, when experiment A yields a measurement with infinite precision (P A is given a δ function), the odds indicator equals the ratio of probability P B evaluated at best fit values returned by both experiments. Eq. 3 generalizes this interpretation to cases where both measurements have non-zero uncertainties. A more intuitive scale representing the discrepancy between two measurements is a number-of-sigma tension, and it can be directly derived from the odds ratios (see e.g. Bernal et al. 2016) . First, the odds indicator is used to calculate the probability enclosed by a contour r such that 1/τ = e − 1 2 r 2 . The probability is then converted to a number of sigma tension, using a onedimensional cumulant (the error function). 
Extensions of the ΛCDM model
Any tension between local measurements and CMB-based model-dependent ones may be caused by unknown systematics, or it can mean that our knowledge of the physics underlying the expansion history is incomplete. The standard flat ΛCDM model can be extended by either changing physics in the early Universe or at later epochs. In the first case, one can decrease the sound horizon inferred from the CMB observations by adding a nonstandard species of the energy-momentum tensor, which effectively increases H(z) in the early Universe. In order to keep the observed angular scales imprinted in the CMB unchanged, this alteration automatically implies an increase in the value of H 0 . Therefore, the overall effect of early-time modifications is a shift of both r s and H 0 towards the measurements from low-z observations. In the second approach, one may obtain higher values of H 0 by decreasing the distance to the CMB relative to the standard ΛCDM model. Since H 0 and Ω m h 2 are quite strongly constrained by the CMB, the primary area of possible modifications lies in the dark energy sector. Although many late-time extensions of the standard model can quite easily increase H 0 inferred from the CMB, r s cannot be modified as appreciably as H 0 -as it is primarily driven by plasma physics in the early Universe.
In order to explore different resolutions of the tension in H 0 and r s on the grounds of new physics, we consider several extensions of the standard ΛCDM model. The selected models do not exhaust all possible proposals from the literature, but they are sufficiently representative in terms of covering most possible model-dependent alterations of H 0 and r s inferred from the CMB. In what follows, the inference for early dark energy and PEDE (described below) have been obtained using a Planck compressed likelihood, as detailed in Appendix A. The 1σ and 2σ contours are obtained directly from the posterior distributions, and the 5σ contour is obtained by Gaussian extrapolation. Overlaid contours for the combination with Planck with free N eff .
Early-Universe (Standard Model) extensions
Effective Number of Relativistic Species (N eff ). Besides neutrinos, there could be more relativistic species that contribute to the radiation density of the early Universe, resulting in N eff > 3. An increased radiation density would lead to a later matter-radiation equality and to an increased expansion rate in the early Universe (Zhao et al. 2017; Mörtsell & Dhawan 2018; Ichikawa et al. 2008; Gelmini et al. 2019) . This would in turn reduce the value of the sound horizon r s at recombination, thereby relieving some of the tension between local and CMB measurements (Carneiro et al. 2019) .
Early Dark Energy. Apart from relativistic, massless particles, the expansion rate in the early Universe could also be increased by the presence of a more general form of dark energy. This additional dark energy should have a noticable contribution to the energy budget at high redshifts, but should dilute away faster than radiation to leave the later evolution of the Universe unchanged (Grossi & Springel 2009; Poulin et al. 2019) . As a promising ex-ample of this class of models, we consider early dark energy which behaves nominally as a scalar field φ with a potential V(φ) ∝ [1 − cos(φ/ f )] 3 . In the effective fluid description, the energy density parameter evolves as
with the scale factor a (Poulin et al. 2018) . When fitting the model to the CMB data, we adopt the following flat priors in log 10 (a c ) and f EDE = Ω φ (a c )/Ω tot (a c ): −4.0 < log 10 (a c ) < −3.2 and 0.1 > f EDE > 0.
Late-Universe extensions
Time-dependent dark energy (wCDM). The wCDM cosmology introduces the equation of state parameter w as a free parameter (as opposed to the fixed ΛCDM value of w = −1), so that the dark energy density can change as a function of redshift as
Phenomenologically Emergent Dark Energy (PEDE). In the PEDE model, dark energy has no effective role in the early Universe but emerges at later times (Li & Shafieloo 2019) . The redshift evolution of the dark energy density is described by
giving it the same number of degrees of freedom as ΛCDM. We emphasize that this parameterization is mostly ad hoc.
Results and Discussion
The values of the cosmological parameters inferred from our three cosmographic models and ΛCDM using the six lenses, Pantheon SN sample and BAO measurements (BOSS) can be seen in Table 1 . The tension with Planck ΛCDM is displayed in the last rows and ranges from 2σ to 3σ. When combining the calibration of the lensed quasars with Cepheids from SH0ES, the constraints on r s and H 0 are tighter and the tension with Planck increases to 5σ, as can be seen in Table 2 . Figure 1 shows the H 0 , r s , Ω k contours for the four models, combined with the Planck values for the parameters. For all models the Planck value lies on the 5σ contour in the H 0 − r s plane, demonstrating that the tension is independent of the chosen expansion family.
Early-Universe extensions
A possible solution for the tension is an extension to the early Universe physics, such as an additional component of relativistic species. Planck 2018 chains with free N eff (based on full temperature and polarization data) have been used to investigate this scenario. In Figure 2 , Planck + free N eff is compared to cosmographic model 3 using only the H0LiCOW lenses as calibrator (upper panel) and using a combination of H0LiCOW lenses and either SH0ES or CCHP as calibrators (lower panel). A higher value of N eff is shown to move the Planck value to a lower r s and a higher H 0 , therefore alleviating the tension to some extent. In this case, the combined analysis of Planck and low-redshift data yields N eff = 3.27 ± 0.15. This effect is only convincing when the local measurements are calibrated with H0LiCOW and CCHP, since the alternative Cepheid calibration is in tension also with the Planck+N eff extension. 
One lens at a time
Since H 0 and r s are constants, they must be independent of the chosen indicators. If they are inferred from each indicator separately, any trend will signal residual systematics, either in the indicators themselves or in the parameterization that is chosen to extrapolate H(z) down to H 0 . The H0LiCOW collaboration have shown that, if H 0 is obtained from lenses in a flat-ΛCDM model, there is a weak trend in its inferred value versus lens redshift, with lower-redshift (resp. higher-redshift) lenses being more (resp. less) discrepant with the Planck measurements . Even though this trend is currently not significant (given current uncertainties), it may be indicative of intrinsic systematics in the lensing inference, or in the way that time-delay distances are converted into H 0 values through a flat-ΛCDM parameterization.
Therefore, here we repeat this test but we use one of our agnostic expansion models to infer r s from each separate lens. The results are shown in Figure 3 
Late-Universe extensions: late-time dark energy?
The (currently weak) trend of r s with redshift may also be arising from the chosen family of smooth expansion histories for H(z). This may bear the question: are there any expansion models that can re-absorb this (weak) trend? For example, a recent (z ≈ 0.5) change in dark energy may produce this behaviour, if the data are interpreted with expansion histories that are 'too' smooth. For this reason, we examine the same lens-by-lens determination within the PEDE model family.
The results are shown as dotted error-bars in Figure 3 . Even the PEDE model with accelerated late-time expansion cannot eliminate the (weak) trend in r s . The constraints set by the relative distance moduli of SN enforce PEDE to closely resemble the ΛCDM case, but with a higher matter content (Ω m ≈ 0.345) and smaller sound horizon (r s ≈ 138 Mpc). Therefore, PEDE does not resolve the current tension. Figure 4 shows the inference on H 0 and r s compared to the ΛCDM extensions considered in Section 2.4. The shaded gray contours correspond to the posterior distribution obtained by the local measurements calibrated by H0LiCOW lenses and SH0ES or CCHP, using cosmographic model 3, to give a conservative (where low-redshift constraints are marginalized over a wide range of expansion histories) indication of the tension. As can be seen, none of the ΛCDM extensions manage to convincingly unify the Planck measurements with local ones if using SH0ES to anchor the distance ladder. In particular, late-time extensions involving different generalizations of the cosmological constant can increase the H 0 value inferred from the CMB, but they leave r s unchanged. Although early Universe extensions can potentially match both H 0 and r s from low-redshift probes and the CMB, that this may happen by expanding the posterior probability contours rather than shifting the best fit values (see also Bernal et al. 2016; Karwal & Kamionkowski 2016) , as clearly demonstrated in Fig. 4 . In this respect, both early dark energy models and extensions with extra relativistic species are quite similar. The apparent difference between their probability contours reflect differences in the priors. While a free effective number of relativistic species can either decrease or increase the sound horizon, early dark energy (with positive energy density) can only increase the energy budget, and thus decrease the sound horizon scale.
The tension between early and late Universe probes
We should also remark, however, that the best-fit value from CMB inference in the case of extra relativistic species is a direct consequence of the working hypotheses. For example, Loureiro et al. (2018) have shown that, in the case of massive neutrinos in different mass hierarchies, priors motivated by particle physics measurements do shift the posterior peak towards higher neutrino masses and N eff , whereas the inference from commonly adopted neutrino mass parameterizations (as in the Planck fiducial models) would peak below the particle-physics lower limits. From our inference (without any hypotheses on neutrino masses), the resulting N eff value is in the same range as that found by Loureiro et al. (2018) with the explicit inclusion of the neutrino mass hierarchy. Figure 5 summarizes the tension in the H 0 − r s plane between local measurements and Planck with different extensions of ΛCDM. To ensure a fair comparison, the same ΛCDM extensions are used in the late-Universe and early-Universe inference. Therefore, the Planck PEDE-CDM results have been compared to local results obtained with PEDE-CDM, and the Planck wCDM results to local results using wCDM. For the early Universe extensions this is not of great importance, since their effects do not influence the low-redshift measurements.
Regardless of the chosen expansion family, a 3σ tension persists between 'early' and 'late' measurements of r s and H 0 , unless variations to the baseline early-Universe models (flat-ΛCDM, N eff = 3) are allowed. By means of adopting different cosmographic approaches at low redshifts (models 1, 2 and 3) that are almost entirely agnostic to the underlying cosmology, we minimize the contribution of systematics. Although our cosmographic models do not depend on ΛCDM, they have a weak dependency on General Relativity (GR). The lensed quasars that are used to calibrate the distance ladder need GR in order to calculate the angular diameter distance, through the Ansatz that the lensing potential (used in the time-delay inference) is exactly twice the gravitational potential (used to obtain D A ∝ c 3 ∆t/σ 2 from stellar kinematics). However, the role of this GR dependence is subdominant with current D A uncertainties (10% − 20%). On the other hand, GR also enters the early-Universe expansion through the 'abundances' of different components (Ω m , Ω de , N eff ).
Conclusions and Outlook
We have combined the newest available low-redshift probes to obtain an estimate of the radius of the sound horizon at recombination, r s . In order to minimize systematics, we have used a set of cosmographic models that are almost entirely independent of the underlying cosmology, besides ΛCDM combined with several extensions. In the H 0 − r s plane, we have found a tension of 5σ between Planck results using ΛCDM and low redshift indicators calibrated with H0LiCOW lenses and SH0ES. This tension reduces to 2.4σ if CCHP results are used as a distance-ladder anchor instead of SH0ES. We have investigated whether early-or late-Universe extensions to the standard ΛCDM model can resolve the tension and examine models with free N eff , early dark energy, wCDM and PEDE-CDM. None of these model extensions provide a satisfying solution to the Hubble tension problem (see also Aylor et al. 2019; Knox & Millea 2019) , except for free N eff or early dark energy in combination with low redshift data calibrated by CCHP + H0LiCOW. These findings can indicate that: (1) extensions of early-Universe physics are necessary; and/or (2) that systematics from different late-time probes are becoming comparable to the statistical uncertainties. Arguments based on local under-densities or peculiar velocities cannot resolve the tension, because in that case different distance-ladder calibrations (CCHP and SH0ES) should be equally in tension with Planck (also see Kenworthy et al. 2019) . Also, the ≈ 3σ tension persists if the inversedistance ladder is restricted to z ≥ 0.03, where the role of peculiar velocities is 0.1% (see also . Multiple secondary sources of errors in redshift measurements were studied by Davis et al. (2019) , but none of them seem to have any noticeable effect. Another explanation may be that the standardization of SNe Ia is not properly understood yet (as a caveat see e.g. Rigault et al. 2015) , or that there is some (hitherto undiscovered) source of systematics in the CMB inference. If all astrophysical systematics are exhausted, one can also consider proposals involving non-standard physics in the local Universe such as screened fifth forces, which may bias H 0 measurements high via a screening-dependent modulation of the period-luminosity relation of Cepheids (Desmond et al. 2019) . For these reasons, we also provide a measurement that relies only on lenses and BAO, without any additional constraint from SNe, in the third column of Table 3 .
The weak trend in Figure 3 may indicate residual systematics in the lens models, or the need for different low-z expansion models, or it may vanish entirely with larger lens samples. In order to check the robustness of the trend, cosmography-grade models of more lenses are needed, over the whole 0.3 z 0.7 current redshift interval and beyond. Finally, the role of systematics in the lens mass models can be assessed once high-S/N spatially-resolved kinematics are available (Shajib et al. 2018; Yıldırım et al. 2019) , which would enable more flexible dynamical models than the ones used so far on aperture-averaged velocity dispersions.
As a final remark, we emphasize that resolving the H 0 tension alone is not sufficient, since different models that can shift this value are still at tension with the inferred r s from BAO and low-redshift indicators. Also, a direct combination of the inference from low-and high-redshift measurements that may be at > 3σ tension, hence hardly compatible with one another, should be justified. Therefore, any new proposal to resolve the early-vslate Universe discrepancy should consider both H 0 and r s , and examine the separate inference upon late-Universe and early-Universe data.
A&A proofs: manuscript no. master where Ω γ denotes the density parameter of radiation, i.e. Ω γ = 2.47 × 10 −5 h −2 . The comoving sound horizon is given by
Here, an additional contribution to the energy density driving the expansion comes from relativistic neutrinos. The density parameter of relativistic neutrinos Ω n is given by
where N eff is the effective number of neutrinos with N eff = 3.046 for the baseline model. We compute redshift z * of decoupling employing the following fitting formula (Hu & Sugiyama 1996) 
The sound horizon imprinted in galaxy clustering and measured form BAO observations is fixed at the drag epoch when the baryons are released from the Compton drag of the photons. The corresponding drag redshift z d can be calculated using the following fitting function (Hu & Sugiyama 1996) 
The sound horizon at the drag epoch is the main quantity discussed in this study. For brevity, we refer to it as r s in the main body of the article. The compressed CMB likelihood is given by a threedimensional Gaussian distribution in the three parameters mentioned above, i.e. Ω n h 2 , R and θ * . We employ the mean values and the covariance matrix determined from publicly available MCMC models obtained for a flat ΛCDM model fitted to the Planck observations including the temperature, polarization and lensing data (Planck Collaboration et al. 2018 ): (100Ω b h 2 , 100θ * , R) = (2.237 ± 0.015, 1.0411 ± 0.00031, 1.74998 ± 0.004) with the following correlation matrix         1.00 0.34 −0.63 0.34 1.00 −0.46 −0.63 −0.46 1.00
The compressed likelihood recovers accurately the actual constraints obtained from the complete likelihood for a flat ΛCDM model (see Fig. A.1) . Only a fine adjustment of the amplitudes in both fitting formulae (δz/z ∼ 10 −3 ) was applied in order to correct for a sub-percent bias in the mean values of relevant parameters. In general, both approximations used to compute z * and z drag are accurate to within 1 per cent in a wide range of the matter and baryon density parameters (Hu & Sugiyama 1996) .
For early-time extensions of the standard ΛCDM cosmology (such as a model with free N eff ), the compressed likelihood turns out to be insufficient, leading to a family of models with a wide range of amplitudes of the first peak in the power spectrum. In order to circumvent this problem, we extend the compressed likelihood described above by accounting for the height of the first peak in the power spectrum as an additional constraint. Bearing in mind that the amplitude scales with Ω dm h 2 , i.e. the physical density of dark matter, a simple extension relies on adding Ω dm h 2 as the fourth variable in the compressed likelihood function. Using Planck results for a ΛCDM model with a free effective number of neutrinos as a base early-time extension (inferred from the full temperature and polarization data), we determine the mean values and the covariance matrix of the new four-parameter compressed likelihood, obtaining (100Ω b h 2 , 100θ * , R, Ω dm h 2 ) = (2.225 ± 0.0223, 1.0414 ± 0.00054, 1.7529 ± 0.0056, 0.1184 ± 0.0029) and the following correlation matrix 
